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The Role of Rotor Impedance in t h e  
Vibrat ion Analysis of Rotorcraf t  
P a r t  I V  of F i n a l  Report under 
Contract NAS2-7613 
As an alternative t o  a t o t a l  system v i b r a t i o n  a n a l y s i s  w i th  i ts  
lack of v i s i b i l i t y  of cr i t ical  dynamic parameters, one o f t e n  f i r s t  
determines t h e  dynamic r o t o r  fo rces  and m o m e n t s  a c t i n g  on a r i g i d  
support ,  and one then excites t h e  f l e x i b l e  airframe-less-rotor with 
these  inputs .  
of s epa ra t e  treatment of r o t o r  and airframe, t h e  r o t o r  impedance is 
used t o  c o r r e c t  t h e  inpu t  t o  t h e  airframe. This improved method is 
i l l u s t r a t e d  f o r  a s t r o n g l y  idea l i zed  case of v e r t i c a l  e x c i t a t i o n  and 
then f o r  r o l l i n g  and p i t ch ing  moment e x c i t a t i o n  of a fou r  bladed 
hingeless  r o t o r  on an up-focussing f l e x i b l e  mount. 
usual approach t h a t  r ep resen t s  a e r o e i a s t i c  blade motions by a series 
of normal blade modes i n  vacuum, the  a e r o e l a s t i c  r o t o r  impedances are 
computed d i r e c t l y  with a f i n i t e  bla6e element method t h a t  includes 
aerodynamics. The r o t o r  impedance matrix f o r  3 o r  more blades is 
determined from t h e  r o o t  moment impedance f o r  a s i n g l e  blade by a 
simple multiblade t ransformation ru l e .  
t r ans fe r r ed  from t h e  r o t o r  t o  t h e  support  are found t o  be c r i t i c a l l y  
dependent on the  support  dynamics. 
t o  be an e s s e n t i a l  item i n  t h e  v i b r a t i o n  ana lys i s .  
h an  improved method which still r e t a i n s  t h e  advantage 
Contrary t o  t h e  
Force and moment amplitudes 
Thus t h e  r o t o r  impedance is shown 
ii 
Preface t. ?art I V  of F i n a l  Report under Contract NAS2-7613 
Between J u l y  1, 1977 and June 30, 1978 work continued on va r ious  
items covered by t h e  research goa l s  of Contract NAS2-7613. 
con t r ac t  t h a t  became e f f e c t i v e  J u l y  1, 1973 was extended several times 
without i nc rease  i n  funding. 
31  December, 1977, and then t o  30 June, 1978. No s a l a r y  con t r ibu t ions  
were made during FY 1978. 
funds was  used only t o  cover some expenses f o r  typing, computing, 
reproduction, and travel. 
This 
During FY 1978 it w a s  f i r s t  extended t o  
The small remaining amount of unexpended 
The work performed during FY 1978 covered 3 xeas: 
An extension of Part  I11 of the  F i n a l  Report under Contract 
NAS2-7613 t o  t h e  problem of v i b r a t i o n  p red ic t ion ,  which is a 
con t r ibu t ion  t o  research goal  (a )  of t h e  work statement.  The 
r e s u l t  of t h i s  work is presented as P a r t  I V  of t h e  F i n a l  Report 
under Contract NAS2-7613. I n  order  t o  make P a r t  I V  s e l f  con- 
t a ined ,  t h e  f i n i t e  element method developed i n  Part 111 of t h e  
F i n e l  Report is ou t l ined  i n  condensed form. A paper e s s e n t i a l l y  
i d e n t i c a l  with P a r t  I V  has been accepted f o r  p re sen ta t ion  a t  t h e  
4 t h  European Rotorcraf t  and Powered L i f t  A i r c r a f t  Forum a t  
Stresa, September 1978. 
A second extension of P a r t  I11 of t h e  F i n a l  Report under Contract 
NAS2-7613 t o  t h e  problem of reducing t h e  order  of t h e  charac- 
t e r i s t i c  equation f o r  t h e  coupled ro to r / a i r f r ame  system. 
problea had been only b r i e f l y  discussed i n  P a r t  I11 though i t  is 
of g r e a t  p r a c t i c a l  s ign i f i cance .  
P a r t  111 is on-going and w i l l  probably r e s u l t  i n  a f u t u r e  publi-  
ca t ion .  
An extension of P a r t  I of t h e  F i n a l  Report under Contract 
NAS2-7613 t o  the  problem of unsteady wake parameter i d e n t i f i c a -  
t i o n  from dynamic model tests, using t h e  hub s t i r r i n g  technique 
r a t h e r  than t h e  c y c l i c  p i t c h  s t i r r i n g  technique previously 
developed. 
operated but needs instrumentation and c a l i b r a t i o n .  I f  con- 
t inued,  t h i s  work w i l l  a l s o  r e s u l t  i n  a f u t u r e  pub l i ca t ion .  
No f u r t h e r  r e p o r t s  unazr Contract NAS2-7513 w i l l  be forthcoming. 
1. 
2. 
This 
Work on t h e  second extension of 
3. 
The hub s t i r r i r i g  r o t o r  model has been b u i l t  and 
iii 
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- 
E1 
[El  
[FI 
%/I 
M 
M/Mo 
N 
P, Q 
QR’ QS 
R 
S 
T 
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a 
b 
C 
C i 
f / f o  
pi 
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i 
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m 
P 
9 
q 
r 
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i 
t 
Y 
2 
8 
[ + I  
9, 
EI/EIO, flap-bending s t i f f n e s s  over roo t  va lue  
t r a n s f e r  matrix ac ross  massless blade element 
t r a n s f e r  matrix a c r o s s  po in t  mass 
blade moment over support  m o m e n t  of i n e r t i a  
blade flap-bending moment, u n i t  po R3Q2 
r o t o r  moment on f l e x i b l e  over moment on r i g i d  support  
number of f i n i t e  elements per  blade 
polynomials of A 
r o t o r  and support  impedances 
r o t o r  r a d i u s  
blade shear  fo rce ,  u n i t  poR Tr 
blade t ens ion  fo rce ,  u n i t  poR Sa 
state  vec to r  
blade a i r f o i l  l i f t  s lope  
number of blades i n  r o t o r  
blade chord, u n i t  R 
aerodynamic damping c o e f f i c i e n t  a t  i t h  s t a t i o n  
r o t o r  fo rce  on f l e x i b l e  over fo rce  on r i g i d  support  
aerodynamic c o e f f i c i e n t  f o r  blade p i t c h  angle  
length of blade element, u n i t  R 
one half r o t o r  v e r t i c a l  mass 
support  mass 
point  mass a t  s t a t i o n  i, u n i t  p- R 
2 2  
2 2  
0 
(T/q E )li2 blade tension f o r c e  parameter 
4 2  EIo/po R Q blade 
speed parameter 
d i s t ance  of blade 
time, u n i t  1/9 
blade d e f l e c t i o n ,  
r o o t  flap-bending s t i f f n e s s  
s t a t i o n  i from r o t o r  c e n t e r ,  u n i t  R 
p o s i t i v e  up, u n i t  R 
a s i n g l e  blade v a r i a b l e  
blade p i t c h  angle ,  p o s i t i v e  up 
[ E ]  [ F l  , t r a n s f e r  matrix 
azimuth ang.Le of k th  blade 
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R 
a 
Y 
L 
x 
P 
w 
r o t o r  angular speed 
hub tilt angle  
3pac, Lock number f o r  uniform bladc 
real p a r t  of complex valued frequency, u n i t  R 
t + - io, complex valued frequency, u n i t  $2 
air  densi ty ,  u n i t  po/R 
blade nass pe r  u n i t  l eng th  at blade r o o t  
e x c i t a t i o n  c i r c u l a r  frequency, u n i t  $2 
coupled n a t u r a l  frequency, u n i t  52 
r o t o r  uncoupled n a t u r a l  frequency, u n i t  R 
support  uncoupled n a t u r a l  frequency, u n i t  s2 ( a l s o  wI, 
support  uncoupled n a t u r a l  frequency producing w = w 
wR/w, ws/w, frequency r a t i o s  
2 
WII) 
N 
Subscripts  
I, I1 a u l t i b l a d e  coordinates ,  forward and l e f t  r e spec t ive ly  
i 
12, 13 elements of a matr ix  or  determinant 
I, R imaginary, real p a r t s  of a polynomial 
M, a ,  0 
o u t e r  end of blade element, beginning with 1 a t  blade t i p  
polynomials mul t ip l i ed  by %+1, a ,  0 
Super sc r ip t s  
b time d i f f e r e n t i a t i o n  
1 l eng th  d i f f e r e n t i a t i o n  
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In t roduct ion  
Recently, a g r e a t  d e a l  of a t t e n t i o n  has  been paid t o  the  problem 
of r o t o r c r a f t  v ibra t ions .  It is genera l ly  accepted t h a t  r o t o r c r a f t  
v i b r a t i o n s  should b e  a l l e v i a t e d  because they reduce crew pLoficiency, 
cause passenger discomfort ,  produce equipment d e t e r i o r a t i o n  and s t ruc -  
t u r a l  f a t i g u e ,  and inc rease  maintenance. 
shows t h e  cockpi t  v i b r a t i o n  exposure limits a t  c r u i s e  speed i n  terms 
of hours of maintained crew prof ic iency  vs .  frequency i n  Hz according 
t o  guide l ines  i n  re ference  2. 
f o r  UTTAS and AAH shows s u b s t a n t i a l  improvement over t h e i r  predecessorp,  
t h e  UH-1 and t h e  AH-1. P a r t  of t h e  improvement is caused by t h e  
Fig. 1 taken from reference  1 
The ind ica t ed  c r u i s e  v i b r a t i o n  l e v e l  
increase  i n  v i b r a t i o n  frequency when going from a 2 bladed t o  a 4 
bladed r o t o r ,  s i n c e  humans are less a f f e c t e d  by v ib ra to ry  accelera-  
t i o n s  a t  f requencies  above 10 Hz. 
Present ly  v i b r a t i o n  p red ic t ion  methods are not  r e l i a b l e .  There 
is hardly a r o t o r c r a f t  prototype which d i d  not  e x h i b i t  during i n i t i a l  
f l i g h t  t e s t i n g  excessive v ib ra t ions .  
l e v e l  usua l ly  r equ i r e s  an  in tens ive ,  c o s t l y ,  t i m e  and payload consuming 
e f f o r t .  The v i b r a t i o n  l e v e l  is o f t e n  s e n s i t i v e  t o  small v a r i a t i o n s  i n  
dynamic parameters so t h a t  two r o t o r c r a f t  from t h e  same production run 
can have s u b s t a n t i a l  d i f f e rences  i n  v i b r a t i o n  level. There are a 
v a r i e t y  of v i b r a t i o n  sources.  Most important is  usua l ly  main r o t o r  
e x c i t a t i o n  wi th  t h e  blade passage frequency which w i l l  be t h e  top ic  of 
t h i s  paper. 
p a r t i c u l a r l y  wi th  twice blade passage frequency, r o t o r  wake e x c i t a t i o n  
of t h e  empenage, mass, aero ,  and damper unbalances, r o t o r  s e l f - exc i t a t ion  
leading t o  l i m i t  cycles ,  and parametric r o t o r  e x c i t a t i o n  leading  t o  
f r a c t i o n a l  harmonics. Each of these v i b r a t i o n  sources  r equ i r e s  d i f -  
f e r e n t  measures of a l l e v i a t i o n .  For main r o t o r  e x c i t a t i o n  of the  
airframe t h e  most important means of v i b r a t i o n  con t ro l  is t h e  proper 
s e l e c t i o n  of t h e  frequency spectrum f o r  r o t o r  and airframe.  Other 
means are pass ive  blade p i t c h  con t ro l ,  a c t i v e  higher  harmonic blade 
p i t c h  con t ro l  (not as y e t  f l i g h t  t e s t e d ) ,  r o t a t i n g  system absorbers  
(pendulum, b i f i l a r ) ,  f i xed  system absorbers ,  p referab ly  se l f - tun ing ,  
Their  reduct ion t o  s p e c i f i c a t i o n  
Other sources  of v ib ra t ions  are higher  r o t o r  harmonics 
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and t h e  va r ious  means of passive and a c t i v e  r o t o r  i s o l a t i o n .  
v i b r a t i o n  p red ic t ion  method t o  be discussed he re  is app l i cab le  t o  a l l  
of t hese  dynamic configurat ions,  s i n c e  tkey a l l  r e q u i r e  a f u l l y  coupled 
r o t o r / a i r f  rame ana lys i s .  
The 
Rotor/Airframe Impedance Matching 
Coupled r o t o r / a i r f  rame v i b r a t i o n s  can be and have been t r e a t e d  by 
t o t a l  system a n a l y s i s ,  see f o r  example references 3 t o  5 .  The l a r g e  
computer programs needed f o r  such an a n a l y s i s  can e a s i l y  obscure t h e  
inf luence of c r u c i a l  dynamic parameters on t n e  v i b r a t i o n  l e v e l .  
v i s i b i l i t y  f o r  such parameters is  achieved by performing sepa ra t e  
v i b r a t i o n  analyses  (or t e s t i n g )  f o r  t he  r o t o r  and f o r  t he  a i r f r ame  and 
by then matching dynamic fo rces ,  moments and d e f l e c t i o n s  a t  t h e  i n t e r -  
face.  
support  are first determined and then appl ied t o  t h e  f l e x i b l e  a i r f rame 
t o  e s t a b l i s h  its response. 
resonances t o  t h e  dynamic r o t o r  inputs .  
such an airframe response a n a l y s i s  taken from re fe rence  4. 
gives t h e  v e r t i c a l  a c c e l e r a t i o n  amplitude a t  t h e  p i l o t  s t a t i o n  from 
f - 10,000 inch  pounds p i t ch ing  moment input  a t  t he  r o t o r  hub vs. t h e  
e x c i t a t i o n  frequency f o r  va r ious  b a l l a s t  d i s t r i b u t i o n s  of t h e  AH-56A(AMCS) 
hel icopter .  
include the  e f f e c t s  of t h e  b a l l a s t  changes on t h e  r o t o r  moment input.  
These e f f e c t s  may be s u b s t a n t i a l .  
More 
In i ts  c rudes t  form of matching t h e  r o t o r  r eac t ions  on a r i g i d  
The design goal  i s  t o  avoid airframe 
Fig. 2 shows t h e  r e s u l t s  of 
The graph 
While t h e  trend is probably t r u e ,  t h e  r e s u l t s  do not 
A better approximation is  obtained when an equivalent  hub mass is 
added t h a t  is  r e p r e s e n t a t i v e  of t h e  r o t o r  impedance a t  t h e  e x c i t a t i o n  
frequency. As ou t l ined  f o r  example i n  reference 5 ,  t h i s  method of 
e s t a b l i s h i n g  t h e  airf rame response t o  r o t o r  dynamic i n p u t s  has i t s  
l i m i t a t i o n s .  
v e r t i c a l  motions, and t h e  equivalent  mass concept a l s o  does not consider 
aerodynamic damping e f f e c t s .  The c o r r e c t  way of dynamically matching 
r o t o r  and airframe is t o  determine the  impedance o r  mobil i ty  matr ices  
of both subs t ruc tu res  a t  t h e  i n t e r f a c e  and t o  write t h e  compatibi l i ty  
The equivalent  masses are d i f f e r e n t  f o r  ho r i zon ta l  and 
-5- 
r e l a t i o n s  f o r  t h e  i n t e r f a c e  fo rces  and de f l ec t ions .  Reference 5 
presen t s  a simple example f o r  t h i s  method. Since t h e  cruder  method of 
e x c i t i n g  t h e  airf rame with sepa ra t e ly  determined r o t o r  input  f o r c e s  is 
scggested in textbooks (references 6 and 7 )  and is also prac t i ced  i n  
indus t ry ,  i t  was believed worthwhile t o  apply the  method of impedance 
matching t o  a more complex example and t o  demonstrate t h e  l a r g e  changes 
i n  r o t o r  i npu t  t o  t h e  a i r f r ame  caused by dynamic ro to r / a i r f r amc  
coupling. 
The p r i n c i p l e  of ro to r / a i r f r ame  impedance matching is seen i n  
Fig. 3. A r o t o r  on a r i g i d  support  is  schematical ly  shown i n  Fig. 3a. 
The f o r c e  amplitude on t h e  support  is fo. 
i n t e r p r e t e d  as t h e  column of complex valued f o r c e  and moment ampli- 
tudes t h a t  t h e  r o t o r  t r ansmi t s  t o  t h e  r i g i d  support .  Fig. 3b shows a 
r o t o r  supported by an airframe. 
colilmn, z t h e  d e f l e c t i o n  column including angular d e f l e c t i o n s .  The 
f o r c e  f is equal t o  f o  minus the  r o t o r  r eac t ion  f o r c e  due t o  t h e  
d e f l e c t i o n  z a t  t h e  ro to r / a i r f r ame  i n t e r f a c e .  
This symbol should be 
Here f r ep resen t s  t h e  dynamic f o r c e  
where Q ( A )  is t h e  r o t o r  impedance. The same fo rce  f acts on t h e  
a i r f rame o r  r o t o r  support  and produces t h e  same d e f l e c t i o n  z 
R 
where Q ( A )  is t h e  airframe o r  support  impedance. By i n s e r t i n g  Eq. (2 )  
i n t o  Eq. (1) one o b t a i n s  
S 
I is t h e  i d e n t i t y  matrix.  
-6- 
Rotor and Support Representation by 3 Masses and 2 Springs 
Before de r iv ing  t h e  impedance matrix f o r  an actual r o t o r ,  a 
q u a n t i t a t i v e  i n t e r p r e t a t i o n  of Eq. (3) w i l l  be given f o r  t h e  simple 
system defined i n  Fig. 4. 
moving equal masses % Interconnected by a spr ing with s t i f f n e s s  
The r o t o r  support  is represented by a mass mS and by a sp r ing  with 
s t i f f n e s s  Ks. 
t h e  support mass mS i f  t h i s  mass is r i g i d l y  held.  
now polynomials of h and Eq. (3) can be w r i t t e n  
The r o t o r  is represented by two v e r t i c a l l y  
. KR 
A dynamic f o r c e  f o  wi th  imaginary frequency X acts on 
The impedances a r e  
Introducing 
i t  is easy t o  show t h a t  
2 Q,W = m S (x2 + us) 
Se lec t ing  a time s c a l e  such t h a t  w 
c h a r a c t e r i s t i c  equation 
= 1 w e  have f o r  f / f o  = t he  R 
( 9 )  
4 2 2  2 A (1 + %/ms) + X (os + 1 + 2 mR/ms) + us = 0 
Since t h e  system is  conservat ive t h e  r o o t s  of Eq. (9)  are purely 
imaginary, A = iw. For w = % = 0 one has the  n a t u r a l  frequency R 
- 7- 
For lIjR * = t he  n a t u r a l  frequency is  
Eqs. (10) and (11) fol low from Eq. (8) f o r  f / f o  = 01. 
d i r e c t l y  evident  from Fig. 4. 
t h e  m s s  % + mS and is uncoupled from t h e  upper mass 5. 
second case the  sp r ing  KS c a r r i e s  t h e  mass 2 % + mS. 
on t h e  support  uncoupled frequency w 
Fig. 5. 
asymptotic t o  t h e  va lue  of Eq. (10) f o r  uR = 0. 
frequency is asymptotic t o  t h e  l i n e  
for l a r g e  w 
X = i w  i n t o  Eq. (8) and introducing wR = wR/w , ws = us/@ 
They are also 
I n  t h e  f i r s t  case the  sp r ing  KS c a r r i e s  
In  t h e  
For uR = 1 and %/ms = 2.5 t h e  r o o t s  of Eq. (9) are only dependent 
S' 
The higher  of t he  two n a t u r a l  f requencies  is f o r  l a r g e  us 
The lower n a t u r a l  
They are shown vo. us i n  
= 1. This asymptotic behavior 
o r  KS is a l s o  d i r e c t l y  evident  from Fig. 4. I n se r t ing  - - S 
one obta ins  
Vertical Force Exci ta t ion  
For a numerical example we s e l e c t  t h e  case of Fig.  5 with iR = 1, 
= 2 . 5  and s t i p u l a t e  t h a t  t h e  fo rc ing  funct ion frequency be mR/mS 
w = 1.89. Now 0 = 1/1.89 * .53 and Eq. (12) becomes R 
- 
For w s  = 1 when the  e x c i t a t i o n  frequency w is equal t o  the  uncoupled 
support  frequency w t h e  r a t i o  f / f O  is zero.  
Eq. (13) are p lo t t ed  i n  Fig.  6 ,  It is seen t h a t  t he  input  t o  the  
support  mass m 
pressed by the  r a t i o  0 
Absolute values  from S' 
depends c r i t i c a l l y  on the  support  s t i f f n e s s  as ex- S 
= ~3 / w .  s s  
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Eq. (13) can a l s o  be der ived i n  a d i f f e r e n t  way making use of t h e  
va lue  w assoc ia t ed  with t h e  coincidence of e x c i t a t i o n  frequency w with 
t h e  coupled system n a t u r a l  frequency %. 
o r  fo = 0 and we have from Eq. (4) 
SN 
A t  t h i s  frequency f / f o  = * 
Thus Eq. ( 4 )  becomes 
I n s e r t i n g  t h e  support  impedances from Eq. (7) 
St ipu la t ing  wN = w and using as before  = w / w  s s  
2 2 
- 
For t h e  example of Fig. 6 w e  have wSN = 3/1.89 = 1.59 and Eq. ( 1 7 )  
reduces t o  Eq. (13). Eqs. (15) and (17) a r e  p a r t i c u l a r l y  convenient 
s u c e  they use  only support  d a t a  and no r o t t x  da t a ,  except  t h a t  t h e  
support  s t i f f n e s s  r e s u l t i n g  i n  a coupled n a t u r a l  frequency of uN = w 
mubL be known. Eq. (17 )  w i l l  be used l a t e r  i n  connection with a more 
complete r o t o r  a n a l y t i c a l  model. 
It is a l s o  of i n t e r e s t  t o  determine t h e  spr ingforce  amplitude f s  
t h a t  t h e  support  spr ing  transmits t o  t h e  base, see Fig. 4.  One can 
easily de r ive  t h e  expression 
The abso lu te  values are p l o t t e d  i n  Fig. 7 vs .  assuming as before  
o = 1.59. The spr ing  f o r c e  amplitude is smal le r  than t h e  r o t o r  
S - 
- SN 
e x c i t a t i o n  f o r c e  fo when w C Ll. Fig. 7 a l s o  shows the  base input  
s &  
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f I f o  f o r  f / f o  = 1.0 according to 
S 
For low support  s t i f f n e s s  t h i s  base input  is much ,arger than t h e  
actual value,  i nd ica t ing  aga in  t h e  e r r o r  encountered when ignor ing  
rotor-support coupling. 
For a DAVI type  of support  (Dynamic Antiresonance Vibrat ion 
I s o l a t o r ,  see f o r  example references 8 and 9) wi th  a l a r g e  ra t io  of 
2 l /a ,  see Fig. 8, and with an equivalent  absorber  mass m = m (l/a) 
the  fo rce  amplitude t r ans fe r r ed  t o  t h e  base is 
A 
i . is base f o r c e  is zero f o r  
us = (mA/ (wA + m,)) i/2 
Tho- r a t i o  f s / fo  f o r  m /m = 1 and f o r  t h e  same J = 1.59 as before  is A S  SN 
a l s o  shown i n  Fig. 7. Zero base input  occurs a t  w = .7.  A t  t h i s  low 
support  s t i f f n e s s  the  base input  without DAVI is  a l ready  r a t h e r  low, 
mrnely f s / fo  = .3.  
F r m  t h e  preceding example i t  is evident  t h a t  t he  e x c i t a t i o n  of 
t he  air f rame with the  r o t o r  fo rce  a c t i n g  on a r i g i d  support  can lead  
t o  1a:ge e r r o r s  i n  t h e  response. 
c ides  with an uncoupled n a t u r a l  a i r f rame frequency, one would erro-  
neously obta in  a l a r g e  resonance response, while a c t u a l l y  t h e  response 
is  mcdest and no fo rce  is  t ransmit ted t o  t h e  airframe. 
S 
When the  e x c i t a t i o n  frequency coin- 
Roiling and Picchina Impedance Analysis f o r  a Hingeless Rotor 
The following r o t o r  impedance ana lys i s  neglec ts  chordwise blade 
v ibra t ions  and is l imi ted  t o  zero advance r a t i o .  The r o t o r  impedance 
is  not expected t o  v a r j  d r a s t i c a l l y  with advance r a t i o  as leng as t h e  
-10- 
advance r a t i o  i s  moderate. 
support  a t  a given advance r a t i o  together  with t h e  impedance a t  zero 
advance r a t i o  should r e s u l t  i n  a reasonable approximation f o r  t h e  
v i b r a t i o n  predict ion.  Within t h e  advance r a t i o  range in which a 
constant  c o e f f i c i e n t  mult iblade r o t o r  r ep resen ta t ion  is f e a s i b l e  
( reference 10) it is easy t o  apply co r rec t ions  from non-zero advance 
r a t i o .  
blade coordinates  w i l l  i t  be necessary t o  reformulate  t h e  r o t o r  imped- 
ance problem. 
Thus t h e  use of r o t o r  i npu t s  t o  a r i g i d  
Only when p e r i o d i c  c o e f f i c i e n t s  are required a l s o  i n  m u l t i -  
The impedance a n a l y s i s  uses blade element t r a n s f e r  matrices 
similar t o  those described i n  r e fe rence  11. Each blade element has 
constant  bending s t i f f n e s s  and is f r e e  of d i s t r i b u t e d  loads.  
s t i f f n e s s  can vary stepwise from element t o  element. 
assumed t o  act a t  t h e  element boundaries. 
s t i f f n e s s  v a r i a t i o n  and except f o r  t h e  po in t  loads a t  t h e  element 
boundaries t h e  analysi.; is exact  with no f u r t h e r  approximations. 
has t h e  advantage t h a t  l a r g e  beam curvature  can be admitted f o r  example 
i n  t h e  c a n t i l e v e r  blade r o o t  s e c t i o n  without t h e  need of a l a r g e  
number of s h o r t  elements as they are required f o r  t h e  C 81 computer 
program. I n  r e fe rence  11 aerodynamic loads are omitted,  so t h a t  only 
vacuum modes and n a t u r a l  f requencies  are obtained. 
s u i t a b l e  f o r  computing blade o r  r o t o r  impedances. 
purely imaginary eigenvalues of t h e  blade c h a r a c t e r i s t i c  equation are 
found by t r i a l  and e r r o r ,  a method no t  f e a s i b l e  f o r  non-conservative 
systems with cor.plex valued o a t u r a l  frequencies.  
The 
Point  loads are 
Except f o r  t t e  stepwise 
This 
They are not 
I n  r e fe rence  11 t h e  
The four  s t e p s  t o  extend r e fe rence  l l m e t h o d  t o  our problem are 
t h e  following: 
1. Aerodynamic terms are included i n  t h e  blade t r a n s f e r  matrix as 
po in t  loads a t  t h e  element boundaries using quas i  steady theory. 
2 .  Relat ions between blade r o o t  s ta te  v a r i a b l e s  aie derived in- 
cluding a dynamic bla.le p i t c h  term. 
Single  blade polynomials are transformed i n t o  muit iblade matr ices  
app l i cab le  t o  3 or  more blades per: r o t o r .  
To ta l  system equations are derived by mobil i ty  o r  impedance 
matching a t  t h e  ro to r / a i r f r ame  i n t e r f a c e .  
3 .  
4 .  
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Blade Element Transfer  Matrix 
The computation procedure w i l l  be ou t l ined  here.  More d e t a i l s  
are given i n  r e fe rence  12. 
q u a n t i t i e s  are non-dimensionalized by using t h e  l eng th  u n i t  R, t h e  
time u n i t  l /9  and t h e  mass u n i t  pORY where ci0  is t h e  blade mass per  
u n i t  l eng th  a t  t h e  blade root .  The f o r c e  u n i t  then is p R R , t h e  
moment unit is poR R , etc. A blade element wi th  its i n p u t s  at t h e  
boundaries is shown in Fig. 9. There are 5 state v a r i a b l e s ;  shear  
f o r c e  S, bending moment My s l o p e  y' ,  d e f l e c t i o n  y, and p i t c h  angle  8 ,  
forming t h e  state vec to r  
As i nd ica t ed  i n  t h e  Nomenclature a l l  
2 2  
0 3 2  
The t r a n s f e r  matr ix  from one element t o  t h e  next  is defined by 
X = [E]  [Fl Xi (23) i+l 
The matrix [F] gives  t h e  change i n  state vec to r  from t h e  r i g h t  s i d e  of 
t h e  mass m t o  its l e f t  s ide .  It expresses the  e f f e c t s  of v e r t i c a l  
i n e r t i a  f o r c e  (-A 
from dynamic blade p i t c h  angle  d i s t r i b u t e d  as  po in t  fo rces  a t  t h e  
element boundaries (-A ci, g.), and t h e  c e n t r i f u g a l  f o r c e  element from 
t h e  mass m, (- mi r i ) .  
r e l a t i o n s  between t h e  r i g h t  and l e f t  s i d e s  of t h e  m a s s  mi. 
2 i mi), of t h e  aerodynamic fo rces  from damping and 
1 
The matr ix  [F] a l s o  expresses t h e  c o n t i n u i t y  
A 
The matrix [F] has t he  form 
-12- 
[FI = 
1 
0 
0 
0 1 0 2 - ( A  mi + ACi) - mi ri 0 1 0 :] 0 1 
The matrix [ E ]  g ives  t h e  change i n  state vec to r  from t h e  l e f t  s i d e  of 
t he  mass m t o  t h e  r i g h t  s i d e  of t h e  mass m i +  1. 
exact s o l u t i o n  for  t h e  bending of a uniform beam under tension. 
It rep resen t s  t h e  i 
t 
0 
1 
€32 
'4  2 
0 
0 
0 
E33 
E43 
0 
0 
0 
E34 
E44 
0 
0 
0 
I n  comparing these  expressions with those given i n  r e fe rence  11 one 
must note t h a t  A is defined d i f f e r e n t l y  leading t o  the opposi te  s i g n  
of i n  Eq. (25). Also, the u n i t  of c i r c u l a r  frequency i n  r e fe rence  11 
-13- 
is (EI,/P,R~)~". Here it is t h e  angular r o t o r  speed Q. Introducing 
t h e  t r a n s f e r  matrix 
[ E l  E l  = [+I (28) 
Eq. (23) can be w r i t t e n  i n  t h e  form 
%+l = [+il xi (29) 
For N po in t  masses one o b t a i n s  by success ive  t r a n s f e r  matrix mult ipl ica-  
t i o n ,  beginning a t  t h e  b l ade  t i p ,  f o r  t h e  blade r o o t  q u a n t i t i e s  t h e  
following r e l a t i o n s  
' 12 
922 
'32 
' 4 2  
'13 
$23 
933 
' 43  
'14 
' 34  + 
$15 
' 25 
35 
- -  '45 
0 
The blade state v a r i a b l e s  wi th  s u b s c r i p t  1 r e f e r  t o  t h e  blade t i p ,  
those with t h e  subsc r ip t  N+1 r e f e r  t o  t h e  blade roo t  assumed t o  be a t  
t h e  r o t o r  i e n t e r .  
over t h e  blade r ad ius  so t h a t  the system of Eq. (30) has only 4 equa- 
t i o n s  r a t h e r  than t h e  5 of Eq. (29). All elements of [O] are poly- 
nomials of A. Eq. (30) completes s t e p  1 of the  impedance ana lys i s .  
The computations of t h e  aerodynamic c o e f f i c i e n t s  c 
forward and not  presented here. 
t i o n a l  t o  t h e  Lock number y which i n  our  non-dimensional u n i t s  is 
given by Y = 3 P a c. 
The blade p i t c h  angle  0 is assumed t o  be constant  
and g are s t r a i g h t  i i 
For a uniform blade they are propor- 
Blade Root Moment Impedance 
We assume zero v e r t i c a l  motion a t  t h e  r o t o r  cen te r  
YN+1 = O (31) 
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P*(X) = 
The blade t i p  bending moment and shearforce i s  zero 
' 3 3  ' 3 4  ' 2 3  ' 3 4  
a 3 p (XI = 
' 4 3  $44 ' 4 3  444 
x y s l = o  
Pg ( A )  e 
(32) 
' 2 3  ' 3 3  ' 4 3  
' 2 4  $24 944 
'25 ' 3 5  ' 4 5  
The two remaining t i p  variables, and y w i l l  be expressed in terms 
of the blade root variables by inserting Eqs. ( 3 1 )  and ( 3 2 )  into  Eq. 
( 3 0 ) .  
I 
+ ( 3 3 )  
Computing [ 3 from Eq. ( 3 4 )  and substitution into Eq. (33) one obtains 
after  some manipulations lor the  second of Eq. ( 3 3 )  
where 
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If  the dynamic blade p i t c h  ang le  0 is l i n e a r l y  r e l a t e d  t o  t h e  roo t  
s lope,  Eq. (35) can be used t o  determine t h e  blade r o o t  bending imped- 
acce 8in+l/y'N+1. 
t h e  roo t  bending impedance is 
N+1' F G ~  a pi tch- f lap  coupling expressed by 0 = k y'  
Eq. (36) completes s t e p  2 of t h e  impedance ana lys i s .  
Transformation t o  Multiblade Impedance 
The r e l a t i o n s  between single b lade  and mult iblade coordinates  
are, when only c y c l i c  terms are re ta ined ,  see reference  10, 
zI, MI, OI r e f e r  r e spec t ive ly  t o  nose down hub t i l t i n g  angle,  nose 
down r o t o r  moment, and nose down c y c l i c  p i t c h  input .  
r e f e r  t o  l e f t  hub t i l t i n g  angle ,  l e f t  r o t o r  moment and l e f t  c y c l i c  
input .  Eqs. 37 are e a s i l y  inver ted ,  f o r  example 
MII' %I 
b 
0 I = (2/b) 1 (y's+l)k cos ?, k 
k=l  
Eqs. (37) are v a l i d  for 3 o r  more blades,  b - > 3. 
By d i f f e r e n t i a t i n g  t h e  r e l a t i o n  between a s i n g l e  blade v a r i a b l e  z 
and i ts  mult iblade counterpar t  zI, zII 
(38) 
z = zI cos t + z s i n  t (39) I1 
I' 
ete. ,  one can prove a genera l  r u l e  f o r  transforming 
with r e spec t  t o  the  t i m e  t and by rep lac ing  i, 
.. 2 zI by h z I ,  A z 
by Az, A 2  z ,  and 
I' 
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single blade polynomials into multiblade polynomials. According to 
this rule the single blade expression 
P(V 2 
with P(X) a polynomirl, is transformed ,.it0 the multiblade expression 
where PR(h) and P,(A) are obtained from 
by separating real from imaginary terms. 
Eq. (35) as 
To apply this rule we write 
Using the definitions of Eq. (37) t h e  multiblade equations are 
In the absence of cyclic pitch inputs from the control system we have 
according to F i g .  10 
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Inse r t ing  Eq. (45) in to  Eq. (44) one ob ta ins  t h e  r o t o r  impedance 
matrix i n  r o l l  and p i t c h  by premult iplying Eq. (44) with  
This  completes s t e p  3 of t h e  impedance ana lys i s .  
Coupled Rot o r  / Support Analysis  
A coupled ro tor l suppor t  ana lys i s  is performed for t h e  system shown 
in Fig. 11. The r o t o r s h a f t  is  assumed t o  be  r i g i d  and connected t o  a 
r i g i d  housing t h a t  is supported by an up-focusing mount with focus on 
t h e  r o t o r  cetter. 
zon ta l  and v e r t i c a l  motions. The elastic r e s t r a i n t s  i n  p i t c h  and r o l l  
are indica ted  by t h e  ho r i zon ta l  spr ings  a t tached  t o  the  s h a f t  housing. 
There a l s o  is a g r a v i t a t i o n a l  r e s t r a i n t  (pendulum e f f e c t )  that is t o  
be included i n  t h e  support  s t i f f n e s s  and i n  the  support  n a t u r a l  f re -  
quency. 
Thus t h e  hub i s  r i g i d l y  r e s t r a ined  aga ins t  hori-  
3 2  
I’ 
1l.Q one then ob ta ins  the  r o t o r  p i tch ing  and r o l l i n g  moments 
MII is poR .Q . With the  time u n i t  The u n i t  f o r  t h e  moments N 
For uniform blades 
The 
b po R3 = 3 I 
r o t o r  support  dynamic equat ions without support  damping are 
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By i n s e r t i n g  [:j from Eq. (49) i n t o  Eq. (44) one obta ins  wi th  Eq. (45) 
a set of homogeneous equat ions f o r  al , aII t h a t  are of the  form 
The coupled system c h a r a c t e r i s t i c  equat ion is then given by 
Qll Q12 
Q21 Q22 
The mode shapes are computed by i n s e r t i n g  i n t c  Eq. (50) one of t h e  
eigenvalues obtained from Eq. (51). 
e i t h e r  regress ing  o r  progressing i n  t h e  r o t a t i n g  re ference  system. 
This completes s t e p  4 of t h e  ana lys i s  as f a r  as coupled system n a t u r a l  
modes and f requencies  a r e  concerned. The r a t i o  of t h e  r o t o r  moment on 
t h e  f l e x i b l e  support  over t h a t  on a r i g i d  support  w i l l  be de t emined  
from Eq. (17) as a func t ion  of t h e  support  uncoupled n a t u r s l  frequency. 
411 t h a t  is required f o r  t h i s  purpose i s  t h e  knowledge of t h e  uncoupled 
support  frequency uSN f o r  which t h e  e x c i t a t i o n  frequency coincides  
with the  coupled sys tem n a t u r a l  frequency. 
One then f i n d s  t h a t  a l l  modes are 
- 
Computational Limi ta t ions  
The computations were performed on t h e  IBM-360/65 computer using 
double p rec i s ion  (16 d i g i t s ) .  Single  blade computations were made f o r  
5 ,  8, 10 1 5  and 20 elements per  blade. The number of 20 elements w a s  
found t o  be too  high f o r  t he  16 d i g i t  p rec is ion  used. 
elements no computational d i f f i c u l t i e s  were encountered, provided t h a t  
t h e  eva lua t ion  of t he  3 by 3 determinant i n  Eq. (35) w a s  numerically 
optimized by wr i t i ng  
With 10 blade 
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I O b '  I $33(424445 - $44925)  + 434(423445 - $43325)  - 435(@23@44 - $43424)  
(52) 
whereby the  set * 3 3 ,  $ 3 4 ,  $ , ,  r ep resen t s  t he  column wi th  t h c  h ighes t  
va lues  of t h e  elements. 
p rec is ion  c o n s i s t s  of looking a t  t h e  c o e f f i c i e n t s  of h 9 
etc., in Po, whereby nmax is t h e  h ighes t  power t h a t  should occur 
t h e o r e t i c a l l y  i n  t h i s  polynomial. 
A convenient check f o r  adequate computer 
nmax, Anmax+l 
With N point  masse.s nmax = 2N-2 f o r  
I f  t he  computer p rec i s ion  is adequate, t h e  c o e f f i c i e n t s  of 
, etc., are s e v e r a l  o rde r s  smaller than those of Anma2rtl, Anmax+2 
A- . 
is evaluated,  t h e  method of Eq. ( 5 2 )  giving the  b e s t  r e s u l t s .  
The accuracy of t h e  computation depends on how t h e  determinant 
Once t h e  s i n g l e  blade problem could be solved without d i f f i c u l t i e s ,  
t h e  coupled system s o l u t i o n s  posed no f u r t h e r  obs tac les .  
accuracy depeids on t h e  h ighes t  eigenvalue considered and does no t  
s u f f e r  when the  number of eigenvalues i s  approximately doubled as f o r  
t he  coupled system, as long as the  h ighes t  eigenvalue remains approxi- 
mately t h e  same. 
masses per  blade. 
blade t h e  f i r s t  3 eigenvalues shown here  were found t o  have less than 
1% e r r o r .  The equivalent  CPU time t o  ob ta in  a complete set  of eigen- 
va lues  f o r  the  coupled system was 4 seconds. For 55 cases computed in 
one run the  CPU time was 34 seconds. 
The computer 
The r e s u l t s  presented here  were obtained with 8 
As compared t o  an ana lys i s  with 10 elements p e r  
The in t roduct ion  of more blade degrees of freedom - in-plane 
bending and to r s ion  - and of a much higher  order  of t he  a i r f rame 
impedance polynomials may not  lead  t o  computational d i f f i c u l t i e s ,  i f  
t h e  h ighes t  eigenvalue of t h e  sys tem is not  s u b s t a n t i a l l y  increased. 
I f  numerical d i f f i c u l t i e s  do occur,  t h e  method of re ference  13 would 
be helpful .  According t o  t h i s  method the  order  of t he  c h a r a c t e r i s t i c  
equat ion is reduced by modalizing and t runca t ing  t h e  component mobi l i ty  
mat r ices  and by applying a co r rec t ion  term t o  the  t runcated expressions.  
The method has been successfu l ly  appl ied t o  the  problem of Eq. (51).  
The r e s u l t s  will be reported elsewhere. 
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Flap-Bending Hingeless Rotor 
Mode 5 1  w 
I 
I 
1 R  0 0 
1P -. 616 ' 1.96 1 
2R -. 327 1.57 
2P -. 193 3.62 
3R -. 240 3.87 
3P -. 214 5.87 * 
Coupled Rotor and Support Modes 
Hinged Rotor 
5 ;  w 
.05 
' 1.95 
-.311 
1.57 
3.57 
-. 257 
3.80 
5.80 
-. 229 
The two parameters t h a t  determine the  dynamics of t h e  uniform 
blade a r e  t h e  non-dimensional blade bending s t i f f n e s s  q and t h e  Lock -
number y. The c e n t r i f u g a l  tension f o r c e  T occurr ing i n  p = (Ti/q) 11 2 
i 
of Eq, (27) can be e a s i l y  computed f o r  each blade s t a t i o n  1. The 
blade Lock number occurs  as f a c t o r  i n  t h e  aerodynamic terms c 
of Eq. (25). 
i t  can be used as non-dimensional speed parameter. 
numerical example q -1/2 = 18 and y = 5. This r e s u l t s  i n  a blade 
c a n t i l e v e r  first n a t u r a l  frequency i n  vacuum of 1.06, which i s  a 
r e a l i s t i c  value f o r  a h inge le s s  r o t o r .  
blade bending modes one then o b t a i n s  t h e  following complex eigenvalues,  
whereby R and P denote regressing and progressing modes i n  t h e  r o t a t i n g  
system respect ively.  
i and g 
Since q -'I2 is  proport ional  t o  t h e  r o t o r  angular speed 
i 
We select f o r  t h e  
For the  f irst  3 c a n t i l e v e r  
Rotor Alone, q 5 18, y = 5 
Natural  Frequency 5 k i w  
For cornparision purpose t h e  eigenvalues f o r  t h e  hinged r o t o r  have been 
added, assuming hinges a t  t h e  r o t o r  cen te r .  Since t h e r e  i s  no coupling 
between blades i t  i s  s u f f i c i e n t  t o  perform a s i n g l e  blade a n a l y s i s ,  
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whereby from Eq. (36) P,(h) = 0. 
the  r o t a t i n g  system. 
w = I+ k 1. 
same f o r  hinged and h inge less  ro to r .  
h inge less  r o t o r  a f f e c t s  only t h e  r e a l  par ts ,  t h a t  is t he  damping of 
t he  modes. 
modes of  t h e  hinged r o t o r ,  i t  d i f f e r s  f o r  the  h inge less  ro to r .  The 
l a r g e s t  d i f f e rence  is f o r  t h e  f i r s t  progressing mode where t h e  damping 
of t h e  h inge less  r o t o r  is twice t h a t  of t h e  hinged r o t o r .  
This  g ives  t h e  imaginary p a r t s  w i n  
Those i n  t h e  non-rotating system are obtained by 
r 
The imaginary p a r t s  of t h e  eigenvalues are almost t h e  
The in t e rb l ade  coupling f o r  t h e  
While t h i s  damping is t h e  same f o r  progressing and regress ing  
The hinged r o t o r  daes not  couple with the  support  shown i n  Fig. 11. 
The coupling of t h e  h inge less  r o t o r  is  determined by t h e  support  
n a t u r a l  f requencies  wI , wII and by t h e  parameter 3(b/2) Ib/l of Eq. (49)- 
We select the  blade number b = 4 and the  r a t i o  of blade moment of 
i n e r t i a  over support  moment of i n e r t i a  of Ib/I = 5. 
r o l l .  When per formhg t h e  coupled system ana lys i s  it tu rns  out  t h a t  
only t h e  two h inge less  r o t o r  modes 1P and 2R s u b s t a n t i a l l y  couple w i t h  
t h e  support  modes, while  t h e  higher  r o t o r  modes 2P, 3R, 3P are not  
much af fec ted  by the  coupling wi th  t h e  support .  
1R mode with the  support  leaves t h e  imaginary p a r t  almost a t  zero but 
introduces s u b s t a n t i a l  damping, r e s u l t i n g  i n  a almost aper iodic  mode. 
We f u r t h e r  s t i p u l a t e  
= % which means equal  support  s t i f f n e s s  i n  p i t c h  and i n  9 = 9 1  
The coupling of t he  
When varying t h e  support  s t i f f n e s s  expressed i n  w and keeping S 
a l l  o the r  parameters (q, y, b, \/I) cons tan t ,  one ob ta ins  f o r  t h e  
coupled 1P modes t h e  5 and va lues  shown i n  Fig. 12. The uncoupled 
va lues  a r e  ind ica ted  i n  dash l i nes .  There is a region of i n s t a b i l i t y  
ind ica ted  by a pos i t i ve  real  p a r t  5 between an uncoupled support  
frequency of 1.5 and 3.0. Sof t  mounting a h inge less  r o t o r  can thus be 
dangerous. Note t h a t  we a r e  not  consider ing so c a l l e d  air  resonance 
where t h e  in-plane regress ing  mode becomes uns tab le  but  t h a t  w e  have 
here  a h inge less  r o t o r  progressing ;lap mode i n s t a b i l i t y  on i t s  s o f t  
support ,  t h a t  is usua l ly  ca l l ed  wh i r l  f l u t t e r .  Similar r e s u l t s  would 
be obtained f o r  a hinged r o t o r  with s u f f i c i e n t l y  l a r g e  o f f - se t  of t h e  
hinges from the  r o t o r  center .  
The 5 and u v a l u e s  of t he  coupled 2R mode are shown i n  F i g .  13. 
This g raph  i s  q u i t e  s imi l a r  t o  Fig. 12 f o r  the  1P mode, except t h a t  
-22- 
t he re  is no uns tab le  region of support  s t i f f n e s s .  The damping r a t i o  
of the  coupled support  modes, whether p o s i t i v e  o r  negat ive,  approxi- 
mately given by 6 / w ,  is not  la rge .  
damping i n  t h e  next sec t ion .  
This  j u s t i f i e s  t h e  neglec t  of 
Hingeless Rotor Moment Exci ta t ion  
In  order  t o  f i n d  ou t  t h e  e f f e c t  of ro to r  and support  coupling OKI 
t h e  moment t r ans fe r r ed  from t h e  r o t o r  t o  t h e  support ,  we apply Eq. (17) 
t o  t he  p i tch ing  and r o l l i n g  moment. 
For a 4 bladed r o t o r  t he  e x c i t a t i o n  frequency is w = 4. 
1P mode (Fig. 1 2 )  and the  2R mode (Fig. 13) t he  uncoupled support  
n a t u r a l  frequency w 
t h e  coupled rotor-support  n a t u r a l  frequency is 
For both the  
f o r  which the  e x c i t s t i o n  i s  i n  resonance with SN 
w = 3.8 (54) SN 
Thus from Eq. (53) 
w i t h  M/M, = 0 f o r  us = 4.0 (56) 
M/Plo = - f o r  us = 3.8 (57) 
The r e l a t i o n  of lM/Mol vs.  us i s  shown i n  Fig. 1 4 .  
s t eep  descent of t he  curve between w = 3.8 and u S S 
t h e  example of v e r t i c a l  v ib ra t ions  shown i n  Fig. 6, the  value )M/Mo] = 1 
is reached asymptot ical ly  f o r  l a r g e  va lues  of ws represent ing  high 
support s t i f f n e s s .  
Note the  very 
5 4.0. Same as f o r  
Zero moment t r a n s f e r  from the  roto1 t o  the  support  
-23- 
is obtained for us = 4.0 when the uncoupled support natural frequency 
is in resonance with the excitation fi-equency. If damping had been 
considered, lM/Mo I would not have reached 
but rather a minimum value different from 
The spring moment transferred to the 
a value of zero at w = 4 
zero. 
base is according to Eq. (18) 
S 
-2 -2 -2 M ~ / M ~  = w p S  - SN ) (58) 
This ratio is plotted i n  Fig. 15 vs. ws and shows that it is less than 
one for us C 2.7 where the system is unstable (Fig. 12). Using DAVI'S 
tbe base moment could be made almost zero for an uncoupled support 
frequency of o < 3.8.  This condition could be tlnstable. S 
Conclusion 
1. The method of rotor induced vibration prediction by applying the 
rotor dynamic forces and moments acting on a rigid support to the 
flexible airframe can lead to large errors of either over or 
uider prediction of vibrations. 
for possible dynamic instabilities from rotor-support coupiing. 
The rotor dynamic forces and moments acting on a rigid support 
must be corrected by a term that ha3 irs a factor the rotcr imped- 
ance taken at the rotor/airframe interface. 
A practical way of determining the hingeless rotor impedance 
matrix for the pitching and rolling moments has been developed by 
first performing a finite element single blade analysis including 
aerodynamic terms and by then applying a simple transformation to 
multiblade impedances. 
Extensions of the rotor impedance analysis are desirable with 
respect to the following items: 
4.1 From zero to moderate advance ratio by using constant 
This method also cannot account 
2. 
3 .  
4 .  
coefficient multiblade equations. 
4.2 From moderate t o  large advance ratio where periodic coef- 
ficients in multiblade equztions a r e  necc!,.;ary. 
-24- 
4.3 From a 2 by 2 impedance ma t r ix  f o r  ro l l  and p i t c h  t o  a 
higher  o r d e r  impedance matrix t o  include l inear  hub f o r c e s  
and de f l ec t ions .  
From r i g i d  t o  f l e x i b l e  blades i n  chordwise bending and 
t o r s i o n ,  using t h e  transfer matrices developed in reference 
14 and extending them t o  include aerodynamics. 
From a simple r o t o r  support  t o  a complete airframe. 
5.4 
4.5 
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